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Multifractality in the generalized Aubry-Andre´ quasiperiodic localization model
with power-law hoppings or power-law Fourier coefficients
Ce´cile Monthus
Institut de Physique The´orique, Universite´ Paris Saclay, CNRS, CEA, 91191 Gif-sur-Yvette, France
The nearest-neighbor Aubry-Andre´ quasiperiodic localization model is generalized to include
power-law translation-invariant hoppings Tl ∝ t/l
a or power-law Fourier coefficients Wm ∝ w/m
b
in the quasi-periodic potential. The Aubry-Andre´ duality between Tl and Wm is manifest when the
Hamiltonian is written in the real-space basis and in the Fourier basis on a finite ring. The per-
turbative analysis in the amplitude t of the hoppings yields that the eigenstates remain power-law
localized in real space for a > 1 and are critical for ac = 1 where they follow the Strong Multifractal-
ity linear spectrum, as in the equivalent model with random disorder. The perturbative analysis in
the amplitude w of the quasi-periodic potential yields that the eigenstates remain delocalized in real
space (power-law localized in Fourier space) for b > 1 and are critical for bc = 1 where they follow
the Weak Multifractality gaussian spectrum in real space (or Strong Multifractality linear spectrum
in the Fourier basis). This critical case bc = 1 for the Fourier coefficients Wm corresponds to a
periodic function with discontinuities, instead of the cosinus of the standard self-dual Aubry-Andre´
model.
I. INTRODUCTION
Although the phenomenon of Anderson Localization is mostly studied in the presence of random potentials (see the
reviews [1–4]), the case of non-random quasi-periodic potentials has also attracted a lot of interest over the years [5–
22]. More recently in the presence of interactions, the Many-Body-Localization (see the reviews [23, 24] and references
therein) has been also considered for the quasi-periodic case [25–29] in order to understand the similarities and the
differences with the random case.
In the simplest case of the nearest-neighbor one-dimensional Anderson Localization model, it is well known that
any random potential (even extremely weak) leads to exponentially localized eigenfunctions, while the corresponding
nearest-neighbor self-dual Aubry-Andre´ quasiperiodic model [8] displays a phase transition between a localized phase
and a delocalized ballistic phase. In the presence of power-law long-ranged hoppings T (l) ∝ l−a, one-dimensional
Anderson localization models with disorder are know to become critical for the value ac = 1 where the multifractality
of eigenfunctions changes continuously as a function of the amplitude between strong and weak multifractality (see
the review [4] and references therein). In the present paper, we thus wish to consider similarly the long-ranged version
of the Aubry-Andre´ quasiperiodic model, where the hoppings decay only as a power-law T (l) ∝ l−a. As a consequence
of the Aubry-Andre´ duality [8], it will be also interesting to focus on the case where the Fourier coefficients of the
quasi-periodic potential decay only as a power-lawWm ∝ m−b. The main goal is to analyze the multifractal properties
of eigenstates in these two cases.
The paper is organized as follows. In section II, the generalized version of the Aubry-Andre´ model with arbitrary
translation-invariant hoppings and arbitrary Fourier coefficients is defined on the infinite lattice. In section III, we
describe the properties of the model for a finite ring of N sites, where the Aubry-Andre´ duality between the N sites
and the N Fourier modes is obvious. In section IV, the case of power-law hoppings with a small amplitude is studied
perturbatively and leads to the strong multifractality spectrum of eigenstates. In section V, the case of power-law
Fourier coefficients with a small amplitude is studied perturbatively and leads to the weak multifractality spectrum.
Our conclusions are summarized in VI. In Appendix A, some differences with the random case are stressed.
II. GENERALIZED AUBRY-ANDRE´ ON THE INFINITE LATTICE
In this paper, we consider the generalized version of the one-dimensional Aubry-Andre´ Hamiltonian [8] containing
two competing contributions
H = Hdeloc +H loc (1)
where Hdeloc contains translation-invariant hoppings that may be long-ranged, and where H loc contains on-sites
energies following a quasi-periodic function containing arbitrary Fourier coefficients. Let us now discuss separately
their properties.
2A. Hdeloc containing translation-invariant hoppings
The contribution Hdeloc contains hoppings Hdelocnn′ between different sites n 6= n′, with the translation-invariance
property
Hdelocnn′ = Tn−n′ (2)
and the hermitian property Hdelocnn′ = (H
deloc
n′n )
∗ corresponding to
Tl = T
∗
l (3)
On the infinite lattice, Hdeloc can be then rewritten with the various forms
Hdeloc =
∑
n6=n′
Hnn′ |n >< n′| =
∑
n6=n′
Tn−n′ |n >< n′|
=
+∞∑
n=−∞
∑
l 6=0
Tl|n >< n− l| =
+∞∑
n=−∞
+∞∑
l=1
(Tl|n >< n− l|+ T ∗l |n− l >< n|) (4)
The translation invariance yields that its eigenstates are delocalized Fourier modes.
B. H loc containing quasi-periodic on-site energies
The contribution
H loc =
+∞∑
n=−∞
Hnn|n >< n| (5)
contains on-site energies Hnn following the quasi-periodic form
Hnn =W (gn) (6)
where g is usually chosen in terms of the inverse Golden mean
g
2pi
=
√
5− 1
2
(7)
while W (x) is a real 2pi-periodic function of zero-mean that can be defined by its Fourier expansion
W (x) =
+∞∑
m=−∞
Wme
imx =
+∞∑
m=1
(Wme
imx +W ∗me
−imx) (8)
where the Fourier coefficients satisfy W−m =W
∗
m and Wm=0 = 0.
C. Standard nearest-neighbor self-dual Aubry-Andre´ model
The standard self-dual Aubry-Andre´ model [8] corresponds to hoppings limited to nearest-neighbors l = ±1
T
(AA)
l = δl,1 + δl,−1 (9)
and to the function W (x) = λ2 cos(x+ h) involving only the first Fourier coefficients m = ±1
W (AA)m = λe
imh(δm,1 + δm,−1) (10)
Aubry and Andre´ [8] have shown that this model satisfy a remarkable self-duality. The main consequence is that the
exact critical point λc = 1 separates the delocalized ballistic phase λ < 1 from the localized phase λ > 1 characterized
by the exact localization length ξ = 1lnλ [8].
3D. Long-Ranged power-law hoppings
In the present paper, we wish to analyze the cases where the hoppings decay as a power-law with some exponent
a ≥ 1
T
(a)
l = it
(1− δl,0)sgn(l)
|l|a (11)
including the critical case ac = 1
T
(ac=1)
l = it
(1− δl,0)
l
(12)
known as the Calogero-Moser matrix model (see [30] and references therein). In particular we will focus in section IV
on the strong multifractality regime occuring for the critical case ac = 1 with a small amplitude t.
Note that the presence of the imaginary factor i in the critical case of Eq 12 is essential to obtain a well defined
model for ac = 1 : the real symmetric power-law case T (l) =
t
|l|a which has been studied in various contexts [31–34]
is well defined only for a > 1, because the Fourier mode K = 0 would have an infinite energy for ac = 1. For a > 1,
there is no Anderson transition in the middle of the spectrum, but only near the edge of the spectrum where the level
spacing is anomalous (see section A2 in Appendix).
E. Long-Ranged Fourier coefficients
Since there exists some duality between the hoppings Tl and the Fourier coefficientsWm (see more details in section
IIID), we will also focus on the case where the Fourier coefficients Wm decay as a power-law with some exponent
exponent b ≥ 1
W (b)m = −iw
(1− δm,0)sgn(m)
|m|b (13)
including the critical case bc = 1
W (bc=1)m = −iw
(1− δm,0)
m
(14)
where the weak multifractality regime occuring for small amplitude w will be analyzed in section V.
From the general theory of Fourier series, it is well-known that the decay of the Fourier coefficients Wm for large
m directly reflects the regularity properties of the function W (x) of Eq. 8 : the critical decay as 1/m corresponds to
a function W (x) presenting discontinuities, the decay as 1/m2 corresponds to a continuous function W (x) whose first
derivative presents discontinuities, and so on.
For instance, the critical case bc = 1 of Eq. 14 corresponds to the 2pi-periodic linear function
W (bc=1)(N=∞)(0 < x < 2pi) = 2w
+∞∑
m=1
1
m
sin (mx) = w(pi − x) for 0 < x < 2pi (15)
with the following discontinuity at x = 0[modulo2pi]
W (bc=1)(N=∞)(x = 0+) = wpi
W (bc=1)(N=∞)(x = 0) = 0
W (bc=1)(N=∞)(x = 0−) = −wpi (16)
III. GENERALIZED VERSION OF THE AUBRY-ANDRE´ MODEL ON A FINITE RING OF N SITES
Since our goal is to analyze the multifractal properties of critical eigenstates via perturbation theory, it is convenient
to consider the finite-size version of the above model in order to have discrete energy levels. Another advantage is
that the Aubry-Andre´ duality is much clearer when the N sites and the N Fourier modes play exactly similar roles,
4even if the duality has been first formulated for the infinite lattice [8]. In this section, we thus describe how the
infinite-lattice model described in the previous section can be defined on a finite ring containing N sites with periodic
boundary conditions |n+N >= |n >. To avoid discussions on the differences between even and odd sizes N , it will
be convenient to focus only on the odd case with the notation
N = 2P + 1 (17)
A. Fourier diagonalization of Hdeloc
It is convenient to define the finite-size version of Eq. 4 as
Hdeloc(N) =
N−1∑
n=0
P∑
l=1
(Tl|n >< n− l|+ T ∗l |n− l >< n|) (18)
In the basis K = 0, .., N − 1 of the N Fourier modes
|K >= 1√
N
N−1∑
n=0
ei2piK
n
N |n > (19)
with the orthonormalization
< K ′|K >= 1
N
N−1∑
n=0
ei2pi(K−K
′) n
N = δK′,K (20)
one obtains the diagonal form
Hdeloc(N) =
N−1∑
K=0
EdelocK |K >< K| (21)
with the Fourier eigenvalues
EdelocK =
P∑
l=1
(Tle
−i2piK l
N + T ∗l e
i2piK l
N ) (22)
For instance the nearest-neighbor hopping of Eq. 9 corresponds to the usual result
E
deloc(AA)
K = 2 cos
(
2piK
l
N
)
(23)
while the power-law case of Eq. 11 corresponds to
E
deloc(a)
K = 2t
P∑
l=1
1
la
sin
(
2piK
l
N
)
(24)
In the thermodynamic limit N → +∞ where the momentum k = 2piK
N
becomes continuous in the Brillouin zone
[0, 2pi[, the energy
Edeloc(a)(N=∞)(k) = 2t
+∞∑
l=1
1
la
sin (kl) (25)
remains finite for a > 1 where the Fourier series converges absolutely. For the critical case ac = 1 of Eq. 12, the
absolute convergence is lost, but one recognizes the sine-Fourier decomposition of the odd 2pi-periodic function of Eq.
15 following the linear form on ]0, 2pi[
Edeloc(ac=1)(N=∞)(0 < k < 2pi) = 2t
+∞∑
l=1
1
l
sin (kl) = t(pi − k) for 0 < k < 2pi (26)
5with the following discontinuity at k = 0[modulo2pi]
Edeloc(ac=1)(N=∞)(k = 0+) = tpi
Edeloc(ac=1)(N=∞)(k = 0) = 0
Edeloc(ac=1)(N=∞)(k = 0−) = −tpi (27)
For large N , the Fourier modes K = 1, .., N − 1 thus follow the linear ramp of Eq. 25
E
deloc(ac=1)
K ≃ t
(
pi − 2piK
N
)
for K = 1, .., N − 1 (28)
while the mode K = 0 is exactly in the middle of the spectrum
E
deloc(ac=1)
K=0 = 0 (29)
and has for neighboring energy levels the Fourier modes corresponding to K = P et K = P + 1
E
deloc(ac=1
K=P =
pit
N
E
deloc(ac=1
K=P+1 = −
pit
N
(30)
B. Properties of the quasiperiodic on-site energies Hnn on a finite ring
On a finite ring of N sites, it is convenient to keep only the Fourier modes −P ≤ m ≤ P of the 2pi periodic function
of Eq. 8
WN (x) =
+P∑
m=−P
Wme
imx =
P∑
m=1
(Wme
imx +W ∗me
−imx) (31)
and to ask that the quasi-periodic form of Eq. 6
Hnn =WN (gn) =
+P∑
m=−P
Wme
imgn (32)
is compatible with the periodic boundary condition n→ n+N of the ring. This condition eigN = 1 yields the choice
g
2pi
=
G
N
(33)
where the integer G = GN is chosen to ensure that the successive fractions
GN
N
converge towards the inverse Golden
mean Eq. 7 : the standard solution consists in choosing N = Fi and GN = Fi−1 in terms of the Fibonacci numbers
satisfying the recurrence Fi = Fi−1 + Fi−2.
In summary, the on-site energies on the finite ring read
Hnn =
+P∑
m=−P
Wme
im2pi G
N
n =
P∑
m=1
(
Wme
im2pi G
N
n +W ∗me
−im2pi G
N
n
)
(34)
In terms of the Fourier modes of Eq. 19, the localized contribution of the Hamiltonian reads
H loc =
N−1∑
n=0
Hnn|n >< n| =
N−1∑
K=0
N−1∑
K′=0
H locKK′ |K >< K ′| (35)
with
H locKK′ =
1
N
N−1∑
n=0
ei2pi(K
′−K) n
NHnn =
+P∑
m=−P
Wm
1
N
N−1∑
n=0
ei2pi(K
′−K+mG) n
N
=
+P∑
m=−P
WmδK′−K+mG[N ] (36)
6where the notation [N ] means (modulo N). So the interaction between two Fourier modes K and K ′ depend on the
integer m satisfying K −K ′ = mG[N ]. For instance, in the Aubry-Andre´ case of Eq. 10, Eq. 36 reduces to
H locKK′ = λe
ihδK′−K+G[N ] + λe
−ihδK′−K−G[N ] (37)
so that each Fourier mode K interacts only with two other Fourier modes K ′ = K ±G[N ].
C. Quasiperiodic Fourier basis
The form of Eq. 36 for the interaction between two Fourier modes (K,K ′) suggests that it is useful to reparametrize
the Fourier modes K = 0, .., N − 1 in terms of the new integer Q = 0, .., N − 1 satisfying [16, 18]
K = QG[N ] (38)
This amounts to introduce the alternative Fourier basis adapted to the quasi-periodicity
|Q >= 1√
N
N−1∑
n=0
ei2piQ
Gn
N |n > (39)
The orthonormalization
< Q′|Q >= 1
N
N−1∑
n=0
ei2pi(Q−Q
′)Gn
N = δ(Q−Q′)G=0[N ] = δQ′,Q (40)
can be understood as follows : besides the trivial solution Q = Q′, one cannot find another solution (Q−Q′)G = jN
corresponding to some integer j 6= 0 : indeed the equation j
Q−Q′ =
G
N
has no solution for Q −Q′ = 1, .., N − 1 since
the irreducible fraction G
N
cannot be written as a fraction with a smaller denominator.
The advantage of this new basis is that the interaction of Eq. 34 becomes much simpler
H locQQ′ =
+P∑
m=−P
Wmδ(Q′−Q+m)G[N ] =Wm=Q−Q′ [N ] (41)
as it is directly given by the Fourier coefficientWm corresponding tom = Q−Q′[N ]. For instance, in the Aubry-Andre´
case of Eq. 10, the interaction is only between nearest-neighbors for the new indices (Q,Q′)
H locQQ′ =W1(e
ihδQ′−Q+1 + e
−ihδQ′−Q−1) (42)
The other contribution Hdeloc that was diagonal in K remains of course diagonal in Q, but the corresponding
eigenvalues EdelocK of Eq. 22 that were well ordered in K become
EdelocQ =
P∑
l=1
(T (l)e−i2piQG
l
N + T ∗(l)ei2piQG
l
N ) (43)
This is thus similar to the quasi-periodic form of the on-site energies of Eq. 34 where Wm has been replaced by T
∗(l).
D. Duality between the real-space basis and the quasiperiodic Fourier basis
The discussion of the quasiperiodic Fourier basis of the previous section shows the following Aubry-Andre´ duality
for the finite-size model that we consider :
(i) In the real space basis |n >, the delocalized Hamiltonian Hdeloc is a circulant matrix defined by the coefficients
Tl
Hdelocnn′ = Tn−n′ (44)
7while the localized Hamiltonian H loc is diagonal and follows the quasiperiodic form defined by Fourier coefficients
Wm
H locnn =
+P∑
m=−P
Wme
im2pi G
N
n =
P∑
m=1
(
Wme
im2pi G
N
n +W ∗me
−im2pi G
N
n
)
(45)
(ii) In the quasiperiodic Fourier basis |Q >, the delocalized Hamiltonian Hdeloc is diagonal and follows the quasiperi-
odic form of Fourier coefficients T ∗l
EdelocQQ =
P∑
l=1
(T (l)e−i2piQG
l
N + T ∗(l)ei2piQG
l
N ) (46)
while the localized Hamiltonian H loc is a circulant matrix defined by the coefficientsWm
H locQQ′ =WQ−Q′ (47)
For instance, the standard Aubry-Andre´ duality corresponds to the case where both Tl and Wm are limited to
nearest neighbors
T
(AA)
l = δl,1 + δl,−1W
(AA)
m = λ(δm,1 + δm,−1)
so that the self-dual point λc = 1 correspond to the critical point between the localized and the delocalized phases.
For the present power-law models that we consider, this Aubry-Andre´ duality relates the power-law hopping case
of Eq. 11 and the power-law Fourier coefficients of Eq. 13.
IV. PERTURBATION THEORY IN THE AMPLITUDE t OF THE POWER-LAW HOPPINGS
In this section, we focus on the case of Eq 11 where the hoppings Tl decay as a power-law of exponent a ≥ 1
with some small amplitude t, while the Fourier coefficients Wm of finite amplitude can be either short-ranged or
long-ranged.
A. Perturbation theory for the eigenstates
If Hdeloc = 0, the N eigenstates are completely localized on the sites n
|ψloc(0)n > = |n > (48)
and the corresponding eigenvalues given by the on-site energies
Eloc(0)n = Hnn (49)
are non-degenerate. The first order perturbation theory in Hdeloc yields the eigenstates
|ψloc(0+1)n > = |n > +
∑
n′
|n′ > H
deloc
n′n
Hnn −Hn′n′
= |n > +
∑
l=−P,+P
|n+ l > Tl
Hnn −Hn+l,n+l (50)
For a given eigenstate indexed by the site n of the zero-order, the density on the other sites l = 1, .., N − 1 is thus
given at lowest order by
ρl ≡
∣∣∣< n+ l|ψloc(0+1)n >
∣∣∣2 =
∣∣∣∣ TlHnn −Hn+l,n+l
∣∣∣∣
2
(51)
8In this perturbation theory, one expects that the most dangerous term corresponds to the smallest denominator
associated to the closest energy level : the difference (Hnn −Hn+l,n+l) between these two neighboring energy levels
scales as the level spacing
∆N ∝ 1
N
(52)
This has to be compared with the scaling of the hopping on the scale of the system-size l ∝ N
Tl ∝
l∝N
1
Na
(53)
This scaling argument yields that the perturbation theory remains consistent at large size N only for a > 1, while
ac = 1 corresponds to the critical case.
B. Multifractal analysis
In the multifractal formalism, one is interested into the singularity spectrum f(α) governing the leading exponential
behavior of the probability that the density of Eq. 51 scales as ρl ∝ N−α [4]
P(α) ∝ Nf(α)−1 (54)
For the energy difference |Hnn −Hn+l,n+l| appearing in the denominator of Eq. 51, the important property is the
level spacing of Eq. 52. For instance, there are a finite number O(1) of states that have an energy difference scaling as
the level spacing 1
N
, while there is an extensive number O(N) of states that have a finite energy difference O(1). More
generally, if the states are re-labelled in the order of the energy difference with some index p = 1, .., N , the change of
variables p = Nx with 0 ≤ x ≤ 1 and dp = Nx(lnN)dx yields that the number of states having an energy difference
of order Nx(∆N ) = N
x−1 scales as Nx(lnN). So the probability to have an energy difference of order Nx−1 scales as
Prob(|Hnn −Hn+l,n+l| ∝ Nx−1) ∝ Nx−1(lnN)θ(0 ≤ x ≤ 1) (55)
For the power-law hopping Tl of Eq. 11 appearing in the numerator of Eq. 51, the change of variable l = N
y with
0 ≤ y ≤ 1 and dl = Ny(lnN)dy yields that the probability to have a hopping scaling as |Tl| ∝ N−ay scales as
Prob(|Tl| ∝ N−ay) ∝ Ny−1(lnN)θ(0 ≤ y ≤ 1) (56)
So the probability of Eq. 54 to have a density ρl of Eq. 51 scaling as N
−α can be evaluated from Eqs 55 and 56
with the correspondence N−α =
(
N−ay
Nx−1
)2
as
Pa(α) ∝
∫ 1
0
dx(lnN)Nx−1
∫ 1
0
dy(lnN)Ny−1δ(α + 2− 2x− 2ay)
= (lnN)2N
α
2−1
∫ 1
0
dyN (1−a)y θ
(
α
2a
≤ y ≤ α
2a
+
1
a
)
(57)
Since the exponent α is positive α ≥ 0, the lower bound of the integral is ymin = α2a ≥ 0.
For the critical case ac = 1, Eq. 57 becomes
Pac=1(α) = (lnN)2N
α
2−1
∫
dy θ
(α
2
≤ y ≤ 1
)
=
(
1− α
2
)
(lnN)2N
α
2−1θ(0 ≤ α ≤ 2) (58)
so that the corresponding multifractal spectrum of Eq. 54
fac=1(α) =
α
2
θ(0 ≤ α ≤ 2) (59)
is the well-known ’Strong Multifractality’ critical spectrum [35, 36] found at Anderson Localization Transition in the
limit of infinite dimension d → +∞ [4]. It appears similarly in the long-ranged power-law hopping model in the
presence of random (instead of quasi-periodic) on-site energies [30, 37–51]. It has been also found in various matrix
9models, in particular in the generalized Rosenzweig-Potter matrix model of [52], and in the Le´vy Matrix Model [53],
as well as in Many-Body-Localization models [54, 55].
For a > 1, the integral over y in Eq. 57 is dominated by the lower value ymin =
α
2a , so that it is convenient to make
the change of variables y = α2a +
u
lnN to obtain
Pa>1(α) = (lnN)2N α2−1
∫ (1− α2a ) lnN
0
du
lnN
N (1−a)
α
2a+(1−a)
u
lnN θ (0 ≤ α ≤ 2a)
= (lnN)N
α
2a−1θ (0 ≤ α ≤ 2a)
∫ (1− α2a ) lnN
0
due−(a−1)u
= (lnN)N
α
2a−1θ (0 ≤ α ≤ 2a) 1−N
−(a−1)(1− α2a )
a− 1 (60)
so that the corresponding multifractal spectrum of Eq. 54
fa>1(α) =
α
2a
θ(0 ≤ α ≤ 2a) (61)
is also linear as Eq. 59 and has been been found in other models in the localized phase close to the critical point
describe by the strong multifractality spectrum [52–55].
C. Inverse Participation Ratios Yq of arbitrary index q
The corresponding leading behavior of Inverse Participation Ratios of arbitrary index q [4]
Y (a)q ≡
N−1∑
l=1
pql ≃ N
∫
dαPa(α)N−qα ∝ N (1−q)D(q) (62)
involving the generalized dimensions D(q) is governed by the Legendre transform of the singularity spectrum f(α) as
a consequence of the saddle-point evaluation of the integral. However here we wish to include also the logarithmic
prefactors.
For ac = 1, Eq. 58 yields
Y (ac=1)q ≃ (lnN)2
∫ 2
0
dα
(
1− α
2
)
N(
1
2−q)α
= (lnN)2


(
1− α2 + 12( 12−q) lnN
)
(
1
2 − q
)
lnN
N(
1
2−q)α


α=2
α=0
=
N1−2q − 1− (1− 2q) lnN
2
(
1
2 − q
)2 (63)
so that the leading behavior for large N changes at qc =
1
2
Y
(ac=1)
q< 12
∝
N→+∞
N1−2q
2
(
1
2 − q
)2
Y
(ac=1)
q= 12
∝
N→+∞
(lnN)2
Y
(ac=1)
q> 12
∝
N→+∞
lnN(
q − 12
) (64)
For a > 1, Eq. 60 yields
Y (a>1)q ≃
lnN
a− 1
∫ 2a
0
dαN(
1
2a−q)α =
N1−2aq − 1
(1− a) ( 12a − q) (65)
10
so that the leading behavior for large N changes at qc =
1
2a
Y
(a>1)
q< 12a
∝
N→+∞
N1−2aq
(1− a) ( 12a − q)
Y
(a>1)
q= 12a
∝
N→+∞
2a
a− 1 lnN
Y
(a>1)
q> 12a
∝
N→+∞
1
(1− a) (q − 12a) (66)
D. Discussion
In summary, the multifractality of eigenvectors for power-law hopping of small amplitude t is the same for quasi-
periodic or random energies of finite amplitude :
(i) for a > 1, the eigenstates remain localized, in the sense that the Inverse Participation Ratios Yq remain finite
above some threshold q > 12a including q = 1 corresponding to the normalizability of eigenstates, but they are
nevertheless described by the multifractal spectrum of Eq. 61 as a consequence of their power-law localization.
(ii) at the critical point ac = 1, the Inverse Participation Ratios Yq diverge logarithmically above the threshold
q > 12 , and the critical eigenstates follow the Strong Multifractality spectrum of Eq. 59.
V. PERTURBATION THEORY IN THE AMPLITUDE w OF THE FOURIER COEFFICIENTS
In this section, we focus on the case of Eq 13 where the Fourier coefficients Wm of the quasiperiodic potential decay
as a power-law of exponent b ≥ 1 with some small amplitude w, while the hoppings Tl of finite amplitude can be
either short-ranged or long-ranged. In particular, the critical case bc = 1 of Eq. 14 corresponds in the thermodynamic
limit to the 2pi-periodic ramp function of Eq. 15 with the discontinuity of Eq. 16.
A. First order perturbation theory for the eigenstates
If H loc = 0, the N eigenstates are the Fourier modes, written here with the quasi-periodic label Q of Eq. 38
|ψdeloc(0)Q > = |Q > (67)
and the corresponding eigenvalues
E
deloc(0)
Q = E
deloc
QQ (68)
are non-degenerate for the critical case ac = 1 of Eq. 14 we focus on, as discussed in more details for the dual case
concerning the hoppings (Eqs 28 29 30).
The first order perturbation theory in perturbation theory yields the eigenstates
|ψdeloc(0+1)Q > = |Q > +
∑
Q′
|Q′ > H
loc
Q′Q
EdelocQQ − EdelocQ′Q′
= |Q > +
∑
m=−P,+P
|Q +m > Wm
EdelocQQ − EdelocQ+m,Q+m
(69)
B. Inverse participation Ratios Iq in the Fourier basis
As a consequence, the weights of this eigenstate in this Fourier basis
ρ˜m ≡
∣∣∣∣∣
Wm
EdelocQQ − EdelocQ+m,Q+m
∣∣∣∣∣
2
(70)
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in this Fourier basis have exactly the same properties as the densities in the real space basis of Eq 51 for the power-law
hoppings discussed in the previous section : in particular, the Inverse participation ratios in this Fourier basis
Iq ≡
∑
m
∣∣∣∣∣
Wm
EdelocQQ − EdelocQ+m,Q+m
∣∣∣∣∣
2q
(71)
follow the equivalent of Eq 64 for the critical base bc = 1
I
(bc=1)
q< 12
∝
N→+∞
N1−2q
2
(
1
2 − q
)2
I
(bc=1)
q= 12
∝
N→+∞
(lnN)2
I
(bc=1)
q> 12
∝
N→+∞
lnN(
q − 12
) (72)
and the equivalent of Eq 64 for b > 1
I
(b>1)
q< 12b
∝
N→+∞
N1−2bq
(1− b) ( 12b − q)
I
(b>1)
q= 12b
∝
N→+∞
2b
b− 1 lnN
I
(b>1)
q> 12b
∝
N→+∞
1
(1− b) (q − 12b) (73)
However to analyze the localization properties in real space, one needs instead to study the Inverse participation
Ratios Yq in the real-space basis.
C. Inverse participation Ratios Yq in the real-space basis
We need to consider the expansion up to second order in the amplitude w to obtain the Inverse participation Ratios
Yq in the real-space basis. Let us assume that the eigenstates are expanded up to second order in the perturbation
H loc
|ψ(0+1+2)Q >= |ψ(0)Q > +|ψ(1)Q > +|ψ(2)Q > (74)
The normalization
1 =< ψ
(0+1+2)
Q |ψ(0+1+2)Q >=
(
< ψ
(0)
Q > |+ < ψ(1)Q |+ < ψ(2)Q |
)(
|ψ(0)Q > +|ψ(1)Q >
)
+ |ψ(2)Q > (75)
yields the following conditions for the first and second orders
0 =< ψ
(1)
Q |ψ(0)Q > + < ψ(0)Q |ψ(1)Q >
0 =< ψ
(1)
Q |ψ(1)Q > + < ψ(2)Q |ψ(0)Q > + < ψ(0)Q |ψ(2)Q > (76)
Let us now consider the perturbation up to second order of the Inverse participation Ratios Yq
Y (0+1+2)q =
N∑
n=1
(
| < n|ψ(0+1+2)Q > |2
)q
=
N∑
n=1
(
< ψ
(0+1+2)
Q |n >< n|ψ(0+1+2)Q >
)q
=
N∑
n=1
[< ψ
(0)
Q |n >< n|ψ(0)Q > +(< ψ(0)Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)
+(< ψ
(0)
Q |n >< n|ψ(2)Q > + < ψ(2)Q |n >< n|ψ(0)Q > + < ψ(1)Q |n >< n|ψ(1)Q >)]q (77)
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Using the delocalized value of the leading contribution < ψ
(0)
Q |n >< n|ψ(0)Q >= 1N , the expansion of Eq. 77 up to
second order becomes
Y (0+1+2)q =
N∑
n=1
N−q[1 +N(< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)
+N(< ψ
(0)
Q |n >< n|ψ(2)Q > + < ψ(2)Q |n >< n|ψ(0)Q > + < ψ(1)Q |n >< n|ψ(1)Q >)]q
=
N∑
n=1
N−q[1 + qN(< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)
+
q(q − 1)
2
N2(< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)2
+qN(< ψ
(0)
Q |n >< n|ψ(2)Q > + < ψ(2)Q |n >< n|ψ(0)Q > + < ψ(1)Q |n >< n|ψ(1)Q >)]
= N1−q + qN1−q(< ψ
(0)
Q |ψ(1)Q > + < ψ(1)Q |ψ(0)Q >)
+N2−q
q(q − 1)
2
N∑
n=1
(< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)2
+N1−qq(< ψ
(0)
Q |ψ(2)Q > + < ψ(2)Q |ψ(0)Q > + < ψ(1)Q |ψ(1)Q >) (78)
Using Eqs 76, this simplifies into
Y (0+1+2)q = N
1−q
[
1 +
q(q − 1)
2
SN
]
(79)
where
SN ≡ N
N∑
n=1
(< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)2 (80)
only depends on the first correction |ψ(1)Q > of the eigenstate of Eq. 69
|ψ(1)Q > =
∑
m=−P,+P
|Q+m > Wm
EdelocQQ − EdelocQ+m,Q+m
(81)
Using the explicit expression of Eq 39 for the Fourier modes, one obtains
< ψ
(0)
Q |n >< n|ψ(1)Q >=
1
N
∑
m=−P,+P
ei2pim
Gn
N
Wm
EdelocQQ − EdelocQ+m,Q+m
(82)
so that
< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >=
1
N
∑
m=−P,+P
Wme
i2pimGn
N +W ∗me
−i2pimGn
N
EdelocQQ − EdelocQ+m,Q+m
(83)
The sum of Eq. 80 thus reads
SN = N
N∑
n=1
(< ψ
(0)
Q |n >< n|ψ(1)Q > + < ψ(1)Q |n >< n|ψ(0)Q >)2
=
∑
m=−P,+P
∑
m′=−P,+P
1
N
∑N
n=1(Wme
i2pimGn
N +W ∗me
−i2pimGn
N )(Wm′e
i2pim′ Gn
N +W ∗m′e
−i2pim′ Gn
N )
(EdelocQQ − EdelocQ+m,Q+m)(EdelocQQ − EdelocQ+m′,Q+m′)
=
∑
m=−P,+P
∑
m′=−P,+P
(WmWm′ +W
∗
mW
∗
m′)δm+m′ + (WmW
∗
m′ +W
∗
mWm′)δm−m′
(EdelocQQ − EdelocQ+m,Q+m)(EdelocQQ − EdelocQ+m′,Q+m′)
=
∑
m=−P,+P
(WmW−m +W
∗
mW
∗
−m)
(EdelocQQ − EdelocQ+m,Q+m)(EdelocQQ − EdelocQ−m,Q−m)
+
∑
m=−P,+P
(WmW
∗
m +W
∗
mWm)
(EdelocQQ − EdelocQ+m,Q+m)2
(84)
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Since W−m =W
∗
m, one finally obtains
SN =
∑
m=−P,+P
2|Wm|2
(EdelocQQ − EdelocQ+m,Q+m)(EdelocQQ − EdelocQ−m,Q−m)
+
∑
m=−P,+P
2|Wm|2
(EdelocQQ − EdelocQ+m,Q+m)2
(85)
The second contribution is simply (2I1) where Iq=1 of Eq. 71 is the IPR in the Fourier basis for q = 1 The first
contribution is less singular, since the numerator is the same, but the two denominators are distinct instead of
coinciding. So one obtains the following conclusions
(i) for b > 1, Iq=1 of Eq. 73 remains finite, so SN remains also finite O(1) in the thermodynamic limit N → +∞,
and the Inverse Participation ratios keep their delocalized scaling
Y (0+1+2)q = N
1−q
[
1 +
q(q − 1)
2
SN=∞
]
∝ N (1−q)Ddeloc(q) (86)
where the generalized dimensions coinciding with unity
Ddeloc(q) = 1 (87)
(ii) for bc = 1, the logarithmic divergence of Iq=1 of Eq. 72 induces the logarithmic divergence of the sum with a
small amplitude (δw2)
SN ≃ δw2 lnN (88)
As a consequence, the Inverse Participation Ratio
Y (0+1+2)q = N
1−q
[
1 +
q(q − 1)
2
δ lnN
]
≃ N1−qN q(q−1)2 δ = N (1−q)Dcriti(q) (89)
where the generalized dimensions
Dcriti(q) = 1− q
2
δw2 (90)
are only sligthly different from their delocalized value (Eq 87). These properties are well-known as the weak-
multifractality regime (see [4] and references therein).
VI. CONCLUSION
In this paper, we have considered the generalized version of the nearest-neighbor Aubry-Andre´ quasiperiodic local-
ization model in order to include power-law translation-invariant hoppings Tl ∝ t/la or power-law Fourier coefficients
Wm ∝ w/mb in the quasi-periodic potential. We have first recalled the Aubry-Andre´ duality existing between Tl and
Wm when the model is written in the real-space basis and in the Fourier basis on a finite ring. Via the perturbative
analysis in the amplitude t of the hoppings, we have obtained that the eigenstates remain power-law localized for
a > 1 and become critical at ac = 1 where they follow the Strong Multifractality linear spectrum, as in the equivalent
model with random disorder. Via the perturbative analysis in the amplitude w of the quasi-periodic potential, we have
obtained that eigenstates remain delocalized in real space (power-law localized in Fourier space) for b > 1 and become
critical at bc = 1 where they follow the Weak Multifractality gaussian spectrum in real space (or Strong Multifractality
linear spectrum in the Fourier basis). This critical case bc = 1 for the Fourier coefficients Wm that we have studied
corresponds to a periodic linear function with jumps, instead of the cosinus function of the self-dual Aubry-Andre´.
More generally, our conclusion is that any periodic function W (x) of weak amplitude w displaying discontinuities, i.e.
characterized by Fourier coefficients decaying only as 1/m, makes the nearest-neighbor Aubry-Andre´ model critical.
To go beyond the perturbative analysis in the amplitudes t and w described in the present paper, it would be
interesting to study numerically how the multifractal properties of eigenstates evolve as a function of these amplitudes.
Appendix A: Differences between a weak random potential and a weak quasiperiodic potential
While the cases of strong random potential and strong quasi-periodic potential are very similar, the cases of weak
random potential and weak quasi-periodic potentials are completely different as a consequence of the different couplings
existing between the Fourier modes, as discussed in this Appendix.
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1. Generic instability of the weak-disorder expansion around Fourier modes
For the quasi-periodic case considered in the main text, the couplings between two Fourier modes (K,K ′) is governed
by Eq. 36, or equivalently by Eq. 41 after the relabelling (Q,Q′) : the interaction is thus directly determined by the
Fourier coefficients Wm.
In the random case where the on-sites energies Hnn are random variables of zero-average and variance w
2, the
coupling between two Fourier modes (K,K ′) given by
H locKK′ =
1
N
N−1∑
n=0
ei2pi(K
′−K) n
NHnn (A1)
is a random variable of zero-average and of variance
|H loc(K −K ′)|2 = w
2
N
(A2)
for any difference (K ′−K) : effectively, it is thus some ’mean-field’ model where all the N Fourier modes are coupled
via some interaction decaying with the system-size N : this is completely different from the quasi-periodic case
considered in the text where the interaction between Fourier modes is governed by the Fourier coefficients Wm. The
typical order of magnitude
H locN (K −K ′) ∝
typ
w
N
1
2
(A3)
is much bigger in scaling than the level spacing of the diagonal elements EdelocK in the Fourier basis
∆N ∝ t
N
(A4)
As a consequence, the perturbative expansion of eigenfunctions around Fourier modes that was described in section
V for the quasiperiodic case looses its meaning in the random case as soon as the ratio
H locN (K −K ′)
∆N
∝
typ
wN
1
2
t
(A5)
becomes of order unity. The corresponding maximal size
N ≤ Nmax =
(
t
w
)2
(A6)
has the same scaling as the localization length ξ ∝ ( t
W
)2
that has been computed in the nearest-neighbor Anderson
model [56, 57].
Another way to understand this instability of the weak-disorder expansion is that in the Fourier basis, the matrix
actually corresponds to the Generalized-Rosenzweig-Porter model that has been much studied recently [52, 58–61] :
the diagonal elements are finite O(1), while the off-diagonal elements are random of order N−b : here the value is
b = 12 as in the Gaussian Orthogonal Ensemble and is thus well beyong the critical point bc = 1.
2. Special stability of the weak-disorder expansion for anomalous level spacing
The argument above based of the usual level spacing of Eq. A4 has to be modified if the level spacing behaves
differently in some region of the spectrum, as a consequence of some singularity in the density of states. For instance
for the case where the hoppings are real symmetric decaying as the power-law T (l) = t|l|a with a > 1 [31–34], the
anomalous level spacing near zero momentum k = 0
∆N (k ≃ 0) ∝ t
Na−1
(A7)
changes the ratio of Eq. A5 into
H locN (K −K ′)
∆N
∝
typ
WNa−
3
2
t
(A8)
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so that the weak disorder expansion around Fourier modes is stable for 1 < a < 32 [31–34].
[1] “50 years of Anderson Localization”, E. Abrahams Ed, World Scientific (2010).
[2] M. Janssen, Phys. Rep. 295, 1 (1998).
[3] A.D. Mirlin, Phys. Rep. 326, 259 (2000).
[4] F. Evers and A.D. Mirlin, Rev. Mod. Phys. 80, 1355 (2008).
[5] P.G. Harper, Proc. Phys. Soc. London, A68, 874 (1955).
[6] D.R. Hofstadter, Phys. Rev. B 14, 2239 (1976).
[7] M. Ya. Azbel, Phys. Rev. Lett. 43, 1954 (1979).
[8] S. Aubry and G. Andre´, Ann. Israel. Phys. Soc. 3, 133 (1980).
[9] D.J. Thouless, Phys. Rev. B 28, 4272 (1983)
[10] A.B. Siebesma and L. Pietronero, Euro. Phys. Lett. 4, 597 (1987).
[11] H. Hiramoto and S. Abe, J. Phys. Soc. Japan 57, 1365 (1988).
[12] Y. Hashimoto, K. Niizeki and Y. Okabe, J. Phys. A Math Gen. 25, 5211 (1992).
[13] J.H. Han et al. , Phys. Rev. B 50, 11365 (1994).
[14] F. Piechon, Phys. Rev. Lett. 76, 4372 (1996).
[15] S.N. Evangelou and J.L. Pichard, Phys. Rev. Lett. 84, 1643 (2000).
[16] C. Aulbach et al, New J. Phys. 6, 70 (2004).
[17] M. Albert and P. Leboeuf, Phys. Rev. A 81, 013614 (2010).
[18] G. Roosz, U. Divakaran, H. Rieger and F. Igloi, Phys. Rev. B 90, 184202 (2014).
[19] S. Ganeshan, J.H. Pixley and S. Das Sarma, Phys. Rev. Lett. 114, 146601 (2015).
[20] A. Chandran and C.R. Laumann, arXiv:1702.03302.
[21] A. Purkayastha et al. arXiv:1702.05228.
[22] V.K. Varma, C. de Mulatier and M. Znidaric, arXiv:1703.05844.
[23] R. Nandkishore and D. A. Huse, Ann. Review of Cond. Mat. Phys. 6, 15 (2015).
[24] E. Altman and R. Vosk, Ann. Review of Cond. Mat. Phys. 6, 383 (2015).
[25] S. Iyer, V. Oganesyan, G. Refael and D.A. Huse, Phys. Rev. B 87, 134202 (2013).
[26] V.P. Michal, B.L. Altschuler and G.V. Shlyapnikov, Phys. Rev. Lett. 113, 045304 (2014).
[27] V. Khemani, D.N. Sheng and D.A. Huse, arXiv:1702.039032.
[28] S. Nag and A. Garg, arXiv:1701.00236
[29] M. Lee et al. arXiv:1703.05425.
[30] E. Bogomolny and O. Giraud, Phys. Rev. E 84, 036212 (2011).
[31] A. Rodriguez et al. , Phys. Rev. Lett. 90, 027404 (2003)
[32] F.A.B.F. de Moura et al. , Phys. Rev. B 71, 174203 (2005)
[33] A.S. Buyskikh et al. , Phys. Rev. A 93, 053620 (2016)
[34] R. Singh, R,. Moessner and D. Roy, Phys. Rev. B 95, 094205 (2017).
[35] A.D. Mirlin and Y.V. Fyodorov, Phys. Rev. Lett. 72, 526 (1994).
[36] A.D. Mirlin, Y.V. Fyodorov, A. Mildenberger and F. Evers, Phys. Rev. Lett. 97, 046803 (2006).
[37] L.S. Levitov, Europhys. Lett. 9, 83 (1989).
[38] L.S. Levitov, Phys. Rev. Lett. 64, 547 (1990).
[39] B.L. Altshuler and L.S. Levitov, Phys. Rep. 288, 487 (1997).
[40] L.S. Levitov, Ann. Phys. (Leipzig) 8, 5, 507 (1999).
[41] F. Evers and A. D. Mirlin Phys. Rev. Lett. 84, 3690 (2000);
A.D. Mirlin and F. Evers, Phys. Rev. B 62, 7920 (2000).
[42] Y.V. Fyodorov, A. Ossipov and A. Rodriguez, J. Stat. Mech. L12001 (2009).
[43] Y.V. Fyodorov, A. Kupiainen and C. Webb. arXiv:1509.01366.
[44] O. Yevtushenko and V. E. Kratsov, J. Phys. A 36, 8265 (2003).
[45] O. Yevtushenko and A. Ossipov, J. Phys. A 40, 4691 (2007).
[46] S. Kronmu¨ller, O. M. Yevtushenko and E. Cuevas, J. Phys. A 43, 075001 (2010).
[47] V. E. Kratsov, A. Ossipov, O. M. Yevtushenko and E. Cuevas, Phys. Rev. B 82, 161102(R) (2010).
[48] V. E. Kratsov, A. Ossipov, O. M. Yevtushenko, J. Phys. A: Math. Theor. 44 (2011) 305003.
[49] V. E. Kratsov, O. M. Yevtushenko, P. Snajberk and E. Cuevas, Phys. Rev. E 86, 021136 (2012)
[50] E. Bogomolny and O. Giraud, Phys. Rev. Lett. 106, 044101 (2011).
[51] C. Monthus and T. Garel, J. Stat. Mech. (2010) P09015.
[52] V.E. Kravtsov, I.M. Khaymovich, E. Cuevas and M. Amini, New. J. Phys. 17, 122002 (2015).
[53] C. Monthus, J. Stat. Mech. 093304 (2016).
[54] C. Monthus, Entropy 18, 122 (2016).
[55] C. Monthus, J. Stat. Mech. 073301 (2016).
[56] M. Kappus and F. Wegner, Z. Phys. B 45, 15 (1981).
[57] B. Derrida and E. Gardner, J. Physique 45, 1283 (1984).
16
[58] D. Facoetti, P. Vivo and G. Biroli, EPL 115 (2016) 47003.
[59] K. Truong and A. Ossipov, EPL 116 (2016) 37002.
[60] C. Monthus, arXiv:1609.01121.
[61] B. L. Altshuler, L. B. Ioffe, V. E. Kravtsov, arXiv:1610.00758.
